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Abstract—An analytical model for the computation of temperature and heat flux distribution in a semi-
infinite solid when subjected to spatially decaying, time-dependent laser source is investigated. The appro-
priate dimensionless parameters are identified and the reduced temperature and heat flux as a function of
these parameters are presented in a graphic form. Some special cases of practical interest are also discussed.
It is demonstrated that the present analysis covers the continuously operating constant strength as well as
instantaneous laser source cases, along with some new solutions. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

There is an increasing interest in material processing
using lasers; particularly, laser drilling, machining,
and welding have been studied analytically and exper-
imentally. Several such applications are discussed in
Rykalin et al. [1] and Ready [2]. Dabby and Paek [3]
observed several thermally induced effects when an
intense laser radiation is incident upon a heat-transfer
surface. One of these effects is the ‘explosive removal
of material’. A possible explanation for this phenom-
enon given by Blackwell [4] is that the point of
maximum temperature (before the phase change
occurs at the exposed surface) lies inside the body
because of the heat loss to the surroundings. We note
that for a material which expands on changing phase
and the initial phase change occurs inside of the body
instead of at the exposed surface, then the explosive
material removal is expected.

Blackwell [4] investigated this material removal
phenomenon analytically by calculating the tem-
perature profile in a semi-infinite body with an expo-
nentially decaying (with position) source and con-
vective boundary condition. He showed that the
location of the maximum temperature is a strong func-
tion of the dimensionless parameters such as Biot and
Fourier numbers. Zubair and Chaudhry [5] discussed
the fundamental solution to the problem considered
by Blackwell [4]. They provided an analytic solution
to the problem in which the material is subjected to an
instantaneous, exponentially decaying (with position)
laser source. The objective of this paper is to discuss
an analytical solution of a semi-infinite solid due to a
general time-dependent laser source and convective-
boundary condition.

2. MATHEMATICAL FORMULATION

The heat conduction equation describing the tem-
perature distribution in a semi-infinite, homogeneous
and isotropic body with an energy source term is given
by [6-8]

oT  FT
pCp—ét—=kEx—2+q . )

We consider a general time-dependent exposure of
laser radiation which is absorbed within the material
and has the effect of an internally distributed heat
source. This is typically true for organic materials
[2], in which the absorption coefficient is considerably
smaller and the energy is deposited over a greater
thickness. Thus, the energy source term in equation
(1) may be modeled as [4, 5]

q"(x, 1) = I(nu(1 - Ry e™™ 03

where I,(¢) is the time-dependent radiation intensity,
R is the surface reflectance and u is the material
absorption coefficient. This model assumes no spatial
variation of Z,(7) in the plane normal to the beam.
Also, the problem times are sufficiently small so that
the diffusion perpendicular to the beam (x) can be
ignored [2].

The appropriate initial and boundary conditions
are assumed to be the following:

T(x,0) = T 3
oTO,1)
—k= = = HT.. ~ T(0,0)] @

and
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Bi Biot number (Bi = hx/k)
Bo  dimensionless energy absorption
[Bo = Lou(1— R)/2pCo(A* — ayi®) x

(T~ Tind]

C,  specific heat at constant pressure
[Jkg ' K]

Fo  Fourier number (Fo = at/x?)

h convective heat transfer coefficient
Wm™2 K]

I energy released by laser source [J m 7]

A rate of energy released by laser source
[Wm™?]

k thermal conductivity [W m~' K ']

Q dimensionless heat flux

q’ heat flux [W m™?]

q" rate of energy generation per unit
volume [W m 7]

R surface reflectance

§ Laplace transform variable

t time [s]

T temperature [K]

X spatial variable [m].

NOMENCLATURE

Greek symbols
o thermal diffusivity (x = k/pC,)
[m?s™]
r Gamma function
T reduced time constant (t = ix/\/x)
i laser source constant [s~'?]
X dimensionless distance (y = px)
0 temperature, ( = T—T,,) [K]
(0] dimensionless temperature
P density [kg m™?]

I absorption coefficient [1/m].
Subscripts
int initial
o0 free-stream
1 instantaneous
2 exponential-type
3 constant surface temperature case
21 at the wall
22 constant strength
23 no heat generation case.

6T (c0,1) —0

Ox

(5)

It should be noted that Blackwell [4] used the above
boundary and initial conditions to explain the explos-
ive removal phenomenon in a semi-infinite solid due to
a continuously operating, constant strength laser source.

Defining 6 as the temperature rise above the initial
temperature

0 =(T—T,) (6)
and substituting in the above equations, we get

B 0 (1-R

5= 1(’)3(2 oC, Iy(Hue ™™ (7)
(x,0) = 0 ®)
000,71y h -
20(c0,1)
=0 (10)

Taking the Laplace transform of equations (7)-(10)
with respect to ¢ and simplifying we get

d*0(x, s\ ~ 1—-R)
(x.5) - <§>9(x, §) = — (apC )Io(s),ue’“‘

2
dx ‘p

(1)

df(0,s)  h S
e (e Tin)/s—0(0,5)] =0

(12)

df(co, s) _
dx 0

(13)

The general solution of equation (11) can be ex-
pressed as

0(x, s) = Aexp{—x./(s/x))

+Bexp(—ux)Io(s)/(s—b?) (1)
where
B=p(l-R)/pC, (15)
and
b* = ap’. (16)

Note that the constant ‘4’ in equation (14) is evalu-
ated by using the transformed boundary condition
given by equation (12). This gives

e A A:1,(5) a”
s(s+a)  (s—b)(/s+a)
where
Ay = (hJafk)(Toc — Tin) (13)
A, = — BJa(u+h/k) (19)
and
a = hafk. (20)

We can now express the transformed equation (14)
by the following expression
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A, exp(—x,/(s/a)) may be used to discuss several heat-conduction prob-

0(x,s) = S5+ a) lems arising in laser-induced processing of materials.

LA exp(—x,/(s/a) I, (s)
(s—8)(/s+a)

3. SOME CASES OF PRACTICAL INTEREST

In this section, we use the preceding formulation to
3 discuss some particular heat conduction problems in
Bexp(—ux)fy(s . T . . o
——L((——l;z))—()(—) (21)  which the radiation intensity varies with time.
S pa—

which can be further simplified to
3.1. Instantaneous laser source

- Ao exp(—x4/(s/a)) We note that an instantaneous laser source of
0(x,s) = S(J (/) +ay) strength I;(f) = I,6(f), when substituted into equation
' (27) and using equation (A8) results in
4 Az [‘”‘p(‘w (5/2))  sIu(9) ] 6,05, 0) = (T — T [Erfe(x/2y/ (1))
W) +a)  (s—b) Ta(—R)
] — E(hx/k, at/x?)]— °—“—C—
Bexp(—ux) [o(s) - P
(s—b% e’ (ut hjk)
where { iy (Erie(x2 @)
Ao =A1/\/°‘ (23) 5 N
—E k * ™!
Az = A/ @4) (s
a, = alJo. (25) —exp(—ux+au2t)]. (28)

Taking the inverse transform of equation (22) by ~ Using the properties of Laplace transform, Zubair
using the transform relationships given in Appendix  and Chaudhry [5] have recently shown that the second

A, we find term in the above equation can be reduced to
A X
0(x,1) = a—'lol:Erfc<2\/(at)>—E(al X, at/xz):‘ [Erfe(x/2,/ (a1)) — E(a, x, at/x?)] x ¥
a,
A =————| E(—bx ,ot 2
+—29H1~:rfc X ) 2b2(b/\/a+a.)[ (=bx/yo, at/x")
ay 2/(a1)
(b/\Ja+ar)
0. . . — N E(bx/\Ja, at/x?
~ Eayx, ar/xz)}* {5 [e?" + 1(:)1}] b Jo—ay) N XD
2 ; + 2a, E(a oct/xz)]
_ —————E(a,x, .
+ Bexp(—pux+b°£) » I(1) (26) (b/Ja—ar) 1 (29)
where ‘¥’ is the convolution with respect to ¢ as defined
by equation (A6). Substituting into equation (28), we find after sim-
Substituting the values of 4,g, A5, B, a, and b results  plification that

in
01 > = Tw '— Tim E fi 2
0(x,1) = (T., — Ty [Exfo(/2 (20 (0 = (T ~ T B2y )

Lou(1—-R)
2y HA—=R)[ (u+h/k) — E(hxk, at/x*)] — ————
— E(hx/k, at/x )]————pcp [ R 2;):p
2 + k 2
x {Erfc(x/2y/ (af)) — E(hx/k, at/x*)} X [E(—ux, at/x )————EZ — h; k; E(ux, at/x*)
.
* {— [e™ " * I(t)]} 2hik
f) 2
t + (“_h/k)E(hx/k, ot/x?)
—{exp(—px+oap’n)} * f(t)]- @7 C2exp (~ux+au2t)]. 30)

It should be emphasized that equation (27) is the
temperature solution due to the general time-depen-  This is the same temperature solution as that discussed
dent, spatially decaying laser source. This formulation  recently by Zubair and Chaudhry [5].
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3.2. Exponential-type laser source .

The exponential-type laser source of strength x [&Mﬁ
Iy(r) = I,e*"", where A can be positive or negative, 2pC, (A/\Jo+hik)
when substituted into equation (26) gives
x {E(—ix/\/(x, at/x?)
A ,
0,(x, 1) = 711_0 [Exfc(x/2./ (21)) — E(a, x, 21/x%)]

1

Al hlk
» LGN
+ %[{Erfc(xﬂ\/at) ~ E(a, x,at/x?)} (Af\Ja—hik)
1
2hik
p + F/—ﬁ— E(hx/k, at/xz)}
e *e”:’):|+Bl'oe““[e”z’ e (31) (Al
1-R)],
. M{E(—ux, at/x?)
It should be noted that the second-term in the above 2pC,
equation can be simplified by using equation (A7) as G+ k) 2
5 = (—hik) E(px, at/x*)
[Erfe(x/2/(at)) — E(a, x, at/x7)] * l:é(ebz‘ * e"l’)] ik
/ 2
+ Gi—hR) E(hx/k,at/x )H

I
= Fh [{Erfe(x/2/ (1))

(A f(1—=Ryfy e [e*" —e]

pCo (22 —ay)
The temperature solution given by equation (34) may

which can further be simplified by using equation (29)  further be simplified by introducing dimensionless
as variables ®,, Fo, Bi, Bo, %, T as

(34)
—E(a,x,at/x*)} »(22 e = b*e"Y)]  (32)

1 ®, = Erfc(1/2./Fo) — E(Bi, F
7:;)[{Erfc(x/A/(ozt))—E(a,x, at{x?)} tfe(1/2y/Fo) ~ E(Bi, Fo)

(4 '
— Bo[tfigg {E( —1, Fo)
*(/12 e}.:l _p? eb‘t)]
] a i’ (t+ Bi)
= ~ E(z, F
22 —bz)[ﬂz(i/\/a+a, ) By )
2 B i r
x {E(—ix/\/rx, atfx?) +(‘L’—Bi) (Bi, Fo)
(M Ja+ay) . — E(—y., F +QC—+@E F
~ Uiy PN 301 (X Fo+ Ty L FO)
N 2a, Elax M/Xz)} 1 2_3;) E(Bi, Fo)—2 exp(— 1) {exp(t Fo)
Gija—ay s
ab’ E—b ) —CXP(XZFO)}} (35)
—_— e — — D) f , t/./ d
2b2(b/¢a+a1>{ TR where
®7 = 07 s T)r - 7ﬂim
B (b(\/a+a,) Elbx/a, at/x*) » = th(xn/( )
(b\Jx—ay) =(Tx ) =TT = T)  (36)
Za -~ 2
—— 2 E@a,x,at/x) . 33 Fo=at/x 37
+ (b/\/oc—al) (a;x,ot/x )}] (33) |
Bi = hx/k (38)
Using the values of b, a,, Ay, Ay, B and substituting _
equation (33) into equation (31), we get T =Axlo (39)
X = px (40)
0,(x, 1) = (T, — T, [Erfe(x/2/ (1)) and
1 Bo = B/z(Toc - Tint)

— E(hx/k, N — R
(bt = iy = fou(1 = RY2pCyo (2 ~ap?) (T — T). (A1)
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We note that the first term in equation (35) is the
solution for a semi-infinite body with a uniform initial
temperature, T, no energy source, and a convective
boundary condition ; it accounts for a heat loss or
gain when T, and T, are different. Even when
T = T, there will still be a heat loss because the
energy deposition is causing the surface temperature
to rise. The term multiplied by Bo in equation (35)
accounts for heat flow due to energy deposition.

It is of interest to calculate the heat flux at any ‘x’
by differentiating equation (34) with respect to x. We
find that

Y orT
qx2 = —kax

= W(T, — Tin) E(hx(k, aut/x?)

fou(1— Rk { (e+hik)
(R —o?)2pC, |(AJo+ hik)

—A N _exp(—x2/4at)
x [\/a E(—Ax/ /o, at/x*) ——_—\/(mxt)

NS 2
(4o hfk) <sz E(Gx|\Ja,o]x?)
B eXp(—‘xZ/4at)> 2hjk
NI N

h . exp(— x*/daf)
X (k E(hx/k, ot/x*) ——\/(nat) )]

exp(—x*/4at)
(o)

exp(—x? /4<xt))
J(mad)

exp (—x? /4ozt)>}
J (ad)

+uE(—px, at/x?) +
(u+h/k)
(u—hik)

_ 2hk
(u—h/k)

+

(uE(yx, at/x?)—

<% E(hx/k, at/x*)—

k(1= R e e —e*™
pCyo(A* —ap®) '

“)

We can also express the heat flux in terms of dimen-
sionless variables ,, Fo, Bi, Bo, T and 7 as

Bo[ [x+Bi
= E(Bi 20
2, (”F0)+Bi[<r+3i>

T+ Bi
X {——tE(—r,Fo)—r(t_Bi)x E(z, Fo)

287
t s 'Bl,) E(Bi, Fo)} —%E(~, Fo)
(1 + B _oBR
X g Bt Fo)— g E(Bi. Fo
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Fig. 1. Reduced temperature as a function of dimensionless
time constant and Fourier number for an exponential-type
laser source at Bo = 100.0, Bi = 1.00 and % = 0.01.
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Fig. 2. Reduced heat flux as a function of dimensionless time
constant and Fourier number for an exponential-type laser
source at Bo = 100.0, Bi = 1.00 and y = 0.01.

+2)CCXP(—X)(CXP(T2F0)—exp(szO))] “43)
where
oT
Q2 = q;/z/h(Too - Tim) = —ka/h(Too - T’inl)v

and other dimensionless parameters are described in
equations (37)—(41).

The graphical representation of equations (35) and
(43) is shown in Figs. 1 and 2, respectively. In these
figures reduced temperature and heat flux solutions
are presented as a function of the dimensionless time
parameter Fo, for various values of reduced time con-
stant 7. All the curves shown in these figures are drawn
for the dimensionless energy absorption rate
Bo = 100.0, Biot number Bi = 1.00 and reduced dis-
tance y = 0.01. It can be seen from Fig. 1 that the
reduced temperature increases exponentially with Fo.
On the other hand, the reduced heat flux (refer to Fig.
2) decreases with an increase in Fo. For example, at
7 = 0.40, there is about a ten-fold decrease in the
reduced heat flux value when Fo is increased from 0.2
to 0.5. It should be noted that the particular case,
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7 =0, in these figures represents the reduced tem-
perature and heat flux solutions for the case of con-
tinuously operating laser source of constant strength,
reported earlier by Blackwell [4].

3.2.1. Wall temperature and heat flux. The dimen-
sionless wall temperature and heat flux can be deter-
mined by evaluating equations (35) and (43) ‘at
x =0." This gives 1/Fo =0, Bi=0,x=0and t = 0.
However, the products

B =Fo'®y = J(ua)

n = Fo'”Bi = h\/(at)/k
&= Fo't =it
& = y/Bi = pkih

I'=1/Bi = ikjhx

remain finite, because the geometric distance “x’ has
been suppressed in these. For this reason, the dimen-
sionless temperature and heat flux at the wall is given
by the following simplified equations:

0,, = 1 —exp(n°) Erfc(n)

o+1
—Bo[<r+ 1>{exp(g ) Erfc(— &)

C+1 o
- (r—_‘l)eXp(c ) Erfe({)

(2
r—i

—exp(B°) Erfe(~f)
p+1
+(575
2
_<¢~1

—eXP(ﬂz)]}

)em(nz) Erfc(n)}

)eXp(ﬁz) Erfc(f)

)exp(nz) Erfe(n) —2[exp(¢?)
(44)

and
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1E-01 2

3 456 o0 2
7 = Fo'”Bi = h/at/k -
Fig. 3. Reduced wall temperature as a function of dimen-
sionless parameter # and ¢ at Bo = 100.00, §=1.00,
¢ =1.00and I' = 0.50.

T
3 4 56 1E+01

+2¢lexp(¢*) —exp(f?) ]:l (45)

Figures 3 and 4 represent the dimensionless tem-
perature and heat flux at the wall in terms of dimen-
sionless parameter » and ¢ at Bo = 100.0, § = 1.00,
& =1.00and I' = 0.50. We note that the reduced tem-
perature plots (refer to Fig. 3) are represented by
characteristic Gaussian-type curves, where the tem-
perature decreases with an increase in values of # and
¢. As expected, the reduced heat flux plots (refer to
Fig. 4) show that there is an increase in the reduced
flux with # and ¢. For example, at # = 1.00, there is
about 50% increase in Q,, when ¢ is increased from
0.25 to 0.40. 1t should be noted that for a given
material, low values of  and ¢ imply a small time and
high convection coefficient.

3.2.2. Laser source of constant strength. We note
that 2> =0 (or 1 =0) in equations (35) and (43)
reduces to the case of continuously operating laser
source of constant strength /y(¢) = [,. This gives

®,, = Erfc(1/2./Fo) — E(Bi, Fo)

¢ —x/Bl = pk/h = 045 |

21 = exp(y?) Erfe(n) — Bo[(

r+1

¢+1)

r+1
{ I"exp(&?) Erfe(—¢&) — F(Ftl>

x exp(&£?) Erfe(&) + (F

1

2 >exp(n2) Erfc(n)}

— exp(p?) Exfe(— ﬂ)+¢<¢+ ‘)

¢

< exp () Exfep)— (7

l)exp(nz) Erfc(n)

—040

200 ;
1E-01 2

3 456 tEv00 2 3

7 = FoZBi = hyat/k -
Fig. 4. Reduced wall heat flux as a function of dimensionless
parameter y and ¢ at Bo = 100.00, f = 1.00, £ = 1.00 and
I' =0.50.

T
1E+01
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- Bo[(x/Bi+ 1){2 Erfc(1/2,/ Fo)

B
—2E(Bi, Fo)} — E(—y, Fo)+ (;tBi)

2Bi
x E(y, Fo)— GT;—I,)E(Bi, Fo)

—2exp(—x)( —exp(szO))] (46)

and the reduced heat flux is

0,, = E(Bi, Fo)— %‘;[wi(x/BiJr )

Bi
x E(Bi, Fo)+yE(—7, Fo)— x(x i 1)

x— Bi
2

1
(x—Bi)

x E(y, Fo)+ E(Bi, Fo)

=2y exp(—x)(1- exp(szO))] @7

which are the same temperature and heat flux solu-
tions as those discussed by Blackwell [4]. It should,
however, be emphasized that with the introduction of
the function E, the solutions are presented in a more
compact form than those by Blackwell.

3.2.3. No heat generation. We note that for the case
of no heat generation in the solid, the reduced tem-
perature and heat flux can be determined by evalu-
ating equations (35) and (43) at y =0, Bo =0 and
7 = 0. This gives

@,, = Erfc(1/2,/Fo)— E(Bi, Fo) (48)

and

0,5 = E(Bi, Fo) (49)

where the function E is defined in the appendix as
equation (A4). We note that this is the same tem-
perature solution as that reported by Carslaw and
Jaeger [6] and Grigull and Sandner [7].

3.2.4. Constant surface temperature. Another
important solution which can be recovered from the
present analysis is for the case of constant surface
temperature, that is, substituting 1/A=0 and
T: = T, in equations (34) and (42). We find

®,; = —E(—1,Fo)— E(z, Fo) + E(—¥, Fo) + E(y, Fo)

+2exp(—y)[exp(r®Fo) —exp(x*Fo)] (50)

0, = %[—rE(—r,Fo)+TE(T,F0)+XE(—Xs Fo)

—~xE(x, Fo)] + 2 exp(—x)(exp(t* Fo) —exp(x’ Fo))
(629)

where
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Fig. 5. Reduced temperature as a function of dimensionless
time constant and Fourier number for the case of constant
surface temperature at y, = 0.05.

_ 2pC, (A7 —op®)B(x, 1)

T Lu(-R)
20C, (22 —oap?)(T(x, 1) = Tynt)
= . 52
Tou(1—R) ©2)
and
0, = PG —u)gss
T Ipk(1-R)
oT
2pCp(22—au2)(—k~a—x>
= . (53)

fop?k(1—R)

The graphical representation for the case of con-
stant surface temperature solution given by the above
equations, is shown in Figs. 5 and 6. In these figures,
the reduced temperature and heat flux are presented
in terms of Fo and t at the reduced distance y = 0.05.
We note that the reduced temperature increases expo-
nentially with the Fourier number, whereas the heat
flux decreases with an increase in Fo. For example, at
7 = 0.50, there is approximately a seven-fold increase
in the reduced temperature value when Fo is varied
from 0.1 to 1. It should be noted that for a fixed spatial

RS SA A REE Y
li \\\\\" ™~ |
2 1 -
T = )\X/‘\/a = 010-‘ \\
t —4 = 0.20F } N
S = 0.30 \
= 0.40 -
57 = 0,501 \\ \
\ |
-10 ;
1E-01 2 3 4 56 1E400 2 3 456 1E+01
Fo = at/x? —»

Fig. 6. Reduced heat flux as a function of dimensionless time
constant and Fourier number for the case of constant surface
temperature at y = 0.05.
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location in a given material, an increase in Fo implies
that there is also an increase in the time of laser
exposure. On the other hand, Fig. 6 shows that the
reduced heat flux decreases with an increase in Fo and
7. For example, at 7 = 0.50, the flux decreases from 0
to —2 when Fo is increased from 0.10 to 0.60, respec-
tively.

4. CONCLUDING REMARKS

The closed-form temperature and heat flux solu-
tions for a time-dependent laser source when subjected
to convective-boundary conditions, are presented in a
compact form by using the generalized representation
of an error function. The solutions are discussed for
the case of laser source of the form fy(¢) = I,e*", where
4% can be positive or negative or equal to zero. All the
results are presented in terms of the reduced time (Fo),
reduced energy absorption rate (Bo), Biot number
(Bi), dimensionless distance (x), and reduced time
constant (7). Additional dimensionless parameters are
also identified for discussing the wall temperature and
heat flux solutions. As expected, the graphical rep-
resentation of the solutions indicates a strong depen-
dence of Fo, both for the case of convective cooling
of the exposed surface as well as that of constant
surface temperature cases.

The contributions due to uniform initial tempera-
ture, no energy source, and a convective cooling of
the exposed surface, as well as that due to heat flow
caused by energy deposition, are identified in the solu-
tions. In addition, solutions of special cases which
include (i) instantaneous laser source and (ii) laser
source of constant strength discussed in the literature
are recovered from the present formulation of a gen-
eral time-dependent exposure of laser radiation which
is absorbed within the material and has the effect of
an internally distributed heat source.

It should also be noted that the analysis discussed
in this paper is limited for convective cooling of the
exposed material surface; however, radiation losses
will be important for most materials when the surface
temperature approaches phase-change temperatures.
We emphasize that for applications in which radiation
losses and an ablating boundary conditions are impor-
tant, a numerical model is essential that may be
checked under the limiting conditions against the ana-
lytical solutions discussed in this paper.
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APPENDIX A

The following relationships are useful in finding the inverse
transform of equation (22):

—1 1 —
< [(s—a):l_ ¢

AfepCy ] Mgl X 2}
¥ l: N ]_ C[Erfc(Z\/a) E(cx, at/x?)

(A2)

(AD)

- M _{* " 42
ol |:(\/(S/a)+c) }—<nt> exp(—x*/4at)

—acE(ex, atjx*)(x > 0,0 > 0) (A3)
where the function E(cx, az/x?) is given by [9]
E(ex.atjx?) = exp [ex+ e2x® (at/x?)]

X
2,/(af)

X Erfc< +cx\/(zxt/x2)) (A4)

and the differentiation with respect to “x’ is
1
(mad)

5
(“L‘c [E(cx, at/x?)] = cE(cx, at/x*) — exp(— x*/dat).

(A3)

The convolution of the functions f{¢) and g{(¢) is given by

o} «{g0} = ff(t —)g(u) du. (A6)
0
In particular,
1
e’ xe’ = —a) [e —e*] (A7)
and
fy =6 = f0). (A8)



